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1. INTRODUCTION

1.1. The Background

In a paper published in 1969 Tikhomirov [21] determined the
Kolmogorov widths (see Section 1.2), in the space C(|0,1]) of real
continuous functions on an interval, of the sets

We.,={f€C(O0,1]): £ " is abs. continuous, || /|, < 1},

r=1,2,.. In a series of extremely interesting papers Micchelli and Pinkus
generalized and extended Tikhomirov’s results. The papers of Micchelli and
Pinkus with which we are most concerned are [12, 13, 14, and 18]. Taylor’s
theorem provides a representation of each function f€ W , as

-0y

— (r)
fO=K6)+ | S0
where k is a polynomial of degree not greater than r — 1. The kernel
_ =0t
ks ) =71

is totally positive [6]. Micchelli and Pinkus determined the Kolmogorov
widths of sets determined by integral operators the kernels of which satisfy
certain “total positivity” conditions. The integral operators which they
considered in [12, 13, 14| act either from L*([0,1]) into L9(|0, 1])
(1< g< o) ([12,14]) or from L?([0,1]) (1< p< ) into L'([0, 1])
([13, 14]). In [14] (and in passing, in [12]) they related the Kolmogorov
widths to best approximations to the integral operators by operators of given
finite rank.
42
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It is the purpose of the present account to show that all the results can be
described systematically, and in a unified way, in terms of a restricted finite
rank approximation to integral operators. This is achieved by considering a
more general situation for which the principal “total positivity” condition
takes a self-dual form (Section 2.1 Condition (C1)). In this situation the
results for integral operators T: L? — L' are related precisely, by duality, to
those for integral operators 7: L - L9.

Tikhomirov [21], developing certain results of his first celebrated paper
{20] on Kolmogorov widths, also determined all the Kolmogorov widths, in
the space C of real 27-periodic continuous functions, of the sets

W, = {f€C: fr" abs. continuous, || /||, < 1},

r=1,2,... The present exposition is partly an outcome of examining the
question whether any of the results developed by Micchelli and Pinkus in a
non-periodic context has an analogue which generalises Tikhomirov’s
periodic result. The self-dual total positivity condition emerged from this
examination and is precisely what is needed. However the theorem for the
periodic situation which emerges is—relative to the non-periodic results—a
rather special and restricted one concerning convolution operators. The only
example we can give to which the result applies is that which is implicit in
Tikhomirov’s discussion—though we expect that other examples can be
obtained theoretically by convolution with Cyclic Polya Frequency functions
(see [6]).

This paper was first written before the author had seen the paper by
Pinkus [18] which also considers the periodic situation. There is a non-
trivial intersection between that paper and Section 3 of this one: the case
a = 0 of Section 3 is contained in [18]. It is possible (or likely) that a unified
treatment of the results of Section3 and [18] could be developed. The
present paper has been revised a little in the light of [18]: by developing one
of the arguments of [18] and by giving effect to [18, Remark 3.1] it is shown
that one of our original hypotheses (the conclusion of Theorem 3.1.1) is a
consequence of the others. In revising the paper we have also added an
abstract duality theorem (1.2.2).

The literature of n-widths is now extensive. Amongst those papers whose
concerns are close to those of this paper there are those by Makovoz [11]
and Ligun [9] which discuss n-widths in the periodic situation and use quite
different methods, one by Micchelli and Pinkus [15] and a recent paper by
Dyn [4] which develops some of the results of Micchelli and Pinkus in
different directions; the latter two papers are explicitly concerned with finite
rank approximations to integral operators.

In the remainder of the introduction, Section 1.2, the necessary definitions
which relate to widths and finite rank approximation are formulated in an
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abstract context. The main non-periodic results are described in Section 2.1.
A more precise description of their relation to the results of Micchelli and
Pinkus is given at the end of Section 2.1. Section 2.3 is concerned with the
“immediate” consequences of the total positivity conditions. Main Theorem
2.3.6 of this section can be described as a theorem of “variation diminishing
type.” Such theorems are discussed at length in [6]. The techniques and
arguments used here are essentially straightforward extensions of those in
[14]. They appear to be efficient; they apply with minor exceptions and with
only notational variations to both the non-periodic and the periodic
situations.

The heart of the non-periodic discussion in {21] is a variational problem.
In [14] there are two. Section 2.4 is concerned with a common extension of
those problems, and the development draws upon both [21, 14]. However,
there are two cases which require some separate discussion. One relates to
L*([0, 1]) and the other to L7(|0, 1]) for 1 < g < co. In the former case the
discussion is of a slightly different nature to that in [21, 14] and the related
paper [12]. At this point the general results relating to L*([0, 1]) fail to
capture the entire information given by Tikhomirov’s argument in the
particular case considered by him.

1.2. The Abstract Situation

Let E and F be normed linear spaces. All the spaces with which we will be
concerned are real, but the general definitions of this section apply equaily to
complex spaces. Let ¥’(E, F) denote the set of bounded linear operators of E
into F.

We begin with some definitions which are now standard. If T € #(E, F)
then, for each non-negative integer n,

a (T =inf{|T~T'||:T' € L(E, F), rank T'  n}.
In the terminology of Pietsch [16], (a,(T)),, is the sequence of approx-
imation numbers of T, If T' € ¥ (E, F), rank T' < n and
IT—T"|=a,(T)
we will say that “T" is extremal for a, (7).
If x € F and L € F then the distance of x from L is

dix,Ly=d.(x,L)=inf{jx—y||: yEL}

If X < F then the deviation of X from L is

HX,L)=6.(X,L)=supld(x,L): x € X}
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The Kolmogorov n-width of X in F (originally defined in [7]) is
d,(X, F) =inf{é(X, L) : L a subspace of F, dim L < n}.

For any normed linear space E let E, denote the closed unit ball
(XEE:|x||<1} of E. If TE L(E, F) the Kolmogorov numbers [16] of T
are defined by

kn(n = dn(T(El)’ F)'

The sequences of approximation numbers and Kolmogorov numbers of an
operator are examples of s-number sequences which were introduced and
studied by Pietsch [16].

In order to discuss restricted finite rank approximation to certain integral
operators we require extensions of these definitions. Let M, be a subspace of
F of finite dimension a and let N, be a subspace of the dual E* of E of finite
dimension 5. Then N; = {x € E : {x, f) =0 for all f € N} is a closed linear
subspace of codimension b in E. For T € /(E, F) and n > a define

a,(T; M,, Ny)

=inf{|T—T'||: T' € L(E,F),dim T'(N;)<n, M,<T'(N;)},
and

k(T;M,,N;)=d,M, + T(N; NE,), F).

Thus a,(T; {0}, E)=a,(T) and k,(T; {0}, E) =k (7).
In the situation which will be considered the equality

a(T; My, Ny) = k,(T; M,, N;)

will hold. The next lemma concerns relations which hold generally.
Statements of the form “P is extremal for Q” will be made with their natural
meaning.

Let J: Ny — E be the inclusion mapping, and let n: F— F/M_ be the
quotient mapping. Then nTJ € .’/(N,f; F/M ) is the composite

Nt E- L, F2 FIM,.

I.2.1. LemMA. (i)
a,(Ts My, Ny) 2 a,_o(nTJ) > k,_o(aTJ) = k,(T; M,, Ny).

(i) If, for some n>a, a,T;M,,N;)=k,(T;M,,N;) and T' is
extremal for a,(T; M,, Ni) then nT'J is extremal for a,_,(nTJ) and the
subspace T'(Ny) is extremal for k,(T; M, Ny).

The proof involves only straightforward calculations.
The final result of this section is a duality theorem.
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1.2.2. THEOREM. [fdmE>n+ b, dmF>n+band TE L(E,F)is a
compact linear operator then

an(T; Ma’Nt.)L) =an—a+b(T*;Nb’MzJ1-)’

Proof. This result in the case in which M, = {0} and N,= {0} is
attributed by Pietsch [16] to Hutton; all the elements of a proof are
contained in [8, pp. 33-34].

The theorem will follow from the three inequalities

a,(T; My, Ni) > a,_ ., (T*; Ny, MY) > a,(T**; M,, N7) > a,(T; M, Ny).
(1) 2) (3)

It is convenient here to identify E and F with their canonical images in E**
and F** and M, (which is of finite dimension) with its second anihilator
(M7)* in F**. The anihilators of N, in E and E** are denoted by N; and
N3, respectively.
Consider the mappings
N} L E-5F -5 FIM,
and
M: L px S EX L EXN,
where S€¥(E,F), M,=S@N;) and dimSW;)<n. There are
isomorphisms (F/M_,)* = M and (N;)* = E */N,. Therefore
rank(n'S*J’) = rank(zSJ)* = rank zSJ = dim S(N;) —a<n—a
and
dim S*(M3}) = rank(z'S*J') + dim S*(M:)NN,
<n—a+dim S*(M2)NN,.
Now
dim(ker $*) N M2 = dim M} — dim S*(M})
=dim F* — g — dim S*(M})
> dim F — n — dim S*(M) NN,
> b —dim S*(M;) N N,.

It is now easily shown that for any & > O there exists S’ € Z(F*, E*) such
that ||S*—S'||<e, N,=8'(M;) and dim S'(M;)<n—a+b. Then
(T*—-S'||<||T*—S*|+e=|T—S| +e¢& This proves inequality (1). If
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dimE>n+b then dim E* > (n—a+ b) + a. Inequality (2) follows by
applying (1) to a,_,, ,(T*; N,, M}) in place of a,(Ty M, Ny). .

Now suppose that S € L(E** F**), M,c S(N;) and dim S(N})<n
and let ¢>0. Then | T—S|.|<|T**—S| and dimSW;})<
n— (a — dim(S(V;) N M,)). Also

dim(ker $ N Ny) = dim Ny — dim S(V})
>dimE — (n+ b) + (a —dim SWV;)NM,).
Consequently there exists S’ € ¥(E, F**) such that ||S|,—S'||<¢ and
M, < S'(N;), dim S'(N;) < n. Thus | T— 8’| || T** — S| + &.

The operator T is compact so there exists a finite e-net {y, = Tx,:

k=1,.,m} for T(E,). Let D=sp(S'(E)U { ¥y Ym}) Then there exists

P:D - F such that |D||<1+¢and Py=yfory€ DNF (8, 1.e.60]). Let
§"=DS'. If x € E, then, for some j, || Tx — Tx;|| < ¢ and

[Tx —S"x||<e+||Tx,— S"x||
=¢&+||DTx;— DS'x||
Se+(146)|Tx,—S'x]|
e+ (l+e)e+||Tx—Sx]|)
L2+&+(1+e)|T-S')
Therefore ||[T— S"]| <3¢+ 262+ (1 +¢&)||T** — S|. Inequality (3) now

follows.

2. INTEGRAL OPERATORS BETWEEN L? SPACES

2.1. Statement of Principal Results

Henceforth linear spaces will be real and functions will be real-valued. The
discussion in the non-periodic situation will be concerned with a continuous
kernel K€ C([0,1] X [0,1]) and functions k,,..k, and g,,., g, in
C([0,1]). The spaces M, and N, will be M,=splk,,.,k,} and
N,=sp{g,» &} We will write

F =Kk ges ks 81 50er 81)

and refer to J# as “a system.” It may happen that a=0 or 5 =0. We can
indicate that b =0, for example, by writing %" = (K; k..., k,; &). To each
kernel K and system %" = (K; k..., k;; &;5--» ) there are transposed kernel
and system defined by

K'(s, t) =K, s), A= (K5 81yer 8b3 Kysems Kg)-

640/34/1-4
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If K and G are two kernels and fis an integrable function then we will use
the notations K * G, K * f and f * K, defined by

(K * G)(s,t) = |.l K(s, u) G(u, t) du,

K 5 9)6)=| KGs.1)0)
K=K« f.

The space L?([a, b]) (1 € p< o) will be denoted briefly by L” and the
norm of f € L” by | f]|,. Note that in the notation of Section 1.2 the closed
unit ball of, for example, L' is denoted (L'),. If 1 < p< oo then p’ will
denote the conjugate index given by 1/p+ 1/p' = 1.

If K is a continuous kernel then for each p, g with 1 < p, g € oo there is
an integral operator

Ty:LP— LA

defined by Ty f =K + f. We will denote by |K|, , the mixed norm of K
associated with this operator. Thus, if 1 < p oo and 1 g<

1 l/q

K|, , = (JO (JOI IK(s, 1) dt)W ds)

If p=1 or g= oo then suprema occur in place of integrals in the formula
defining |X|, ,. (This is not the standard use of the subscripts p, g in |K|, ,,
and, in particular, not the use of [14].) The operator norm of T, : L - L4
will be denoted | Ty||, ,. For reference we state an elementary fact as a
proposition

2.1.1. PROPOSITION. || Tyl|, ,<|K|,,, and equality holds in the case
g = 0.

The principal result concerns approximations to K by finite rank kernels
in the sense of | - |, , and restricted finite rank approximations to both T’ :
L®— L%and T,.: L9 - L'. We make the following definitions:

a,(F5| - |,.q) =Inf{|K — H|, ,: dim(H * (NyN L)) < n,M, < H = Ny},
an(‘%; ” ) “p,q) = an(TK 5 Ma’ Nl-i-n Lp)’
ko5 P, @) = dy(M, + K x (Ny O (LP),), L9) = k(T s My, Ny O LP),
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where T, denotes the integral operator in <(L”, L9) and N, now denotes the
annihilator of N, in L'
The following notation was used in [14]. Let

A== 0T, ) ER™0<, < - <1, < 1},

If r€ 4, then it is sometimes (but in Section 2.4 not) convenient to put
7,=0 and 7,,,, = 1. The greek letters £ and 7, used without subscripts, will
be reserved for points of some [R™ with coordinates increasing, that is, points
of the form r=(7,,.., 7,) with 7, 1, <+  1,. If tE€ A4, the closure of
A, in R™, then A_ will denote the step function defined by

h ()= (=1) for 7,<t<t,, and i=0,1,.,m,
=0 for t=17,and i=0,1,..,m+ L.

It is convenient to observe at this point that

(K * h,)(s) = J‘l K(s, ) h(f) dt

0

[4]=

=\ 2(=1)! J:'K(s, N dt+ (=)™ Jol K(s, 1) dt.

1

_‘
It

Note also that if t € A, then h, = +h_, for 7’ in some A4,, o < m.

A major step in the development of the results which concern us was the
introduction by Tikhomirov [21] of a certain variational problem. In the
present situation we define, for m > b,

en ¥, q)=inf{|k + K xh,|l,:kEM,, t€A;, h ENL).

The Hobby—Rice theorem (see [S, 17] and Remark 2.2.(1)) includes the
assertion that {t€A,: h,EN;} is non-empty if m>b. Section2.4 is
concerned with the determination of a function k,+ K % h_, which is
extremal for e, (7 q).

The principal condition under which the results will hold is a total
positivity condition on the system 7" = (K k, ..., k;; &, ».-» &3)- AD extension
of the notations of [6] and [14] is required. If a, B, p and o are non-negative
integers such that a + 0 = f + p then

P% < [1seens i3 Epaees fp )

Jises Jas Tiseens Ty

will denote the determinant
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0o - 0 g,(m) - g,(5,)
: s E b
0o - 0 8i,(T) - gy,(,)

kjl(él) kjn(él) K¢, n) - K(¢.1,)

ki(G) -+ ki (G) K(G,hTi) - K(E,.7,)

We can allow, for example, § =0 and write

% (, J; & onns {D).

P Jas Tioeen Tg

In the notation of [6]

. (@; s & ) =K(é,,..., ép).

Dy Tpseens T, Tygeees Tp

The main condition on systems .# which enter into the discussion are
conditions (C1) (a “total positivity” condition), (C2) (referred to in [14] as
a “non-degeneracy” condition) and (C3). However, when b 0 the full force
of (C2) is invoked at only one point in the argument. Conditions (C4), (C5)
and (C6) are formulated in order to indicate precisely what the proofs
require.

In the statements of the conditions p and ¢ are integers such that p —a=
c—b2>0.

Condition (Cl(a+0)). If{€ A, and t € 4, then

- ( Ly By &y &

Lys @3 Typens T,

)>o.

Condition (Strict Cl(a + 0)).
0L <+ <, <land 07, <-+- <7,< 1 then

4 ( 1,..., b, él 3seey ép ) > 0.

L@ TipenT,

Condition (C2(a + 0)). If € A then the functions k..., k,, K(:, T )sess
K(-,1,) are linearly independent.
Condition (C3). If t€ A, then

/1., b; @
4 —d . .
( ; Tl,...,rb) et(g,(z;)) # 0



FINITE RANK APPROXIMATIONS 51

This means that the functions g, ..., g, satisfy the Haar condition on the
open interval (0, 1), and therefore form a weak Chebyshev system. If 5=0
Condition (C3) is to be interpreted as vacuous.

The next condition is weaker than (C2) if b # 0 and at all but one point of
the argument is adequate.

Condition (C4(a+0)). Ift€ A4, and a,,..., a,, f,,.... B, are coefficients,
not all zero, such that

N Bg(z)=0  forall gEN,

i=1

then
a [
}_l ak; +§"1 B,K(, ;) #0.
i= i=

Conditions (C3) and (C4(a + 0)) are related to the next condition.
Condition (C5(a +0)). If t € A, then there exists £ € A4, such that

j‘ (1,..., b; él""’ ép) ¢0-

Lwa@; 70 T,

Finally, weaker than (C5) is
Condition (C6(a + 0)). There exist 1€ A, and £ € 4, such that

1. b; & ,...,
s ( él én ) £0.
Leoas 1,1,
Transposed conditions. If the transposed system .’ satisfies (Cl(a + o))
we will say that .# satisfies (C1'(a + 0)). Similarly with the other con-
ditions.

Extended conditions. In [14] it is required that (C2) or (C2') should
extend to one of the end points of the interval [0, 1]. The extended condition
is not essential to the argument. However, when it is satisfied additional
information can be obtained. So we formulate

Condition (Ext C4(a + 0)). As (C4(a + 0)) but with “t € A,” replaced
by “0<1, <+ <1,&L” (Systems for which the condition (C4(a + o))
extends to the left-hand end point of [0, 1] can be accommodated by a
change of variable.)

Some of the relations between these conditions will be stated as a
proposition.
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2.1.2. ProrositiON. (i) (C2(a + o)) = (Cd(a + 0)).
(ii) (C3) and (C4(a + 0))= (C5(a + o)) = (C6(a + 0));
(C5(a + b)) = (C3); (C5(a + 0))= (C4(a + 0)).
(iii) (Strict Cl(a + 0))= (Cl{a + 0)) and (C5(a + o))

The proof of the first part of (ii) is elementary but perhaps not trivial
linear algebra.

Blanket conditions. The preceding conditions are formulated in such a
way that they will apply with minimum modification to the periodic situation
discussed in Section 3. For the non-periodic situation it is convenient to for-
mulate

Condition (Cl). .# satisfies (Cl(a + o)) for all ¢ > max{b, 1}. We can
use (C2), (C4), etc., in a similar way.

Finally we must note that if @ = b =0 then (C1) is the condition that K be
totally positive, and (Strict C1) the condition that K be strictly torally
positive,

2.1.3. ExampLES. (1) The system

7 = (%E—t)lr;—"'«, Lwn 8”71 Q)

satisfies conditions (C1), (C3) and (Ext C2'), it satisfies condition (C2)
extended to the left-hand end point of [0, 1]. Tikhomirov’s paper [21] is
primarily concerned with k,(#"; 00, c0) for this system.

(2) It can be shown that with a suitable choice of signs depending
upon r, the system

(s—07"

7= (i r—1)!

s Lo, s™h £, j:t"')

satisfies conditions (C1), (C3), (C3’). (Ext C2’) and condition (C2) extended
to the left-hand end point of [0, 1].

(3) The kernel
K(s,t)=s(1 — 1), 0<s«
=t(l —s), r<s< 1,
is totally positive. In this case the system .# = (K; &; @) satisfies the prin-

cipal conditions of Theorems 2.1.4 and 2.1.5, but it does not satisfy the
extended conditions and evades the requirements of [14].
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(4) Further examples are provided by Green functions and eigen-
functions of certain differential operators (see [6, Chap. 6]).

It is now possible to summarise the results in two composite theorems.

2.1.4, THEOREM. Suppose that the system % satisfies conditions (C1),
(C3), (C4) and (C4’). Then for each integer m > b there exists ko € M, an
integer o with b <o < m, and t° € A, with h,, € N;, such that

(1) Py=ky+K * his extremal for e, (7, q),

(ii) Py has precisely p=a —b + o zeros in (0, 1) at the poinis of some
éo = ({?,..., ég) [ Ao and

! 9 b gerey 0
C] éo ) >0,
1,..., a; rl...., T

(iii) in the case that g = oo there are p + | points of [0, 1] at which P,
attains its bound || Py with alternating sign.

If 1<g< o0 then e, (7,q)<e, ,(7,q) for mz2b+2. If 1<g<
and ¥ also satisfies (Ext C4) then e (¥ ,q) <e,,_(#,q) form>2b+ 1.

If 7 also satisfies condition (Strict C1) then e, (%, ) <e, _(#, ©)
form>b+ 1.

This theorem is essentially a summary of Section 2.4. It is given by
Theorems 2.4.2, 2.4.3, 2.4.5 (with 2.3.6) and Lemma 2.3.7.

2.1.5. THEOREM. Suppose that the system % satisfies conditions (Cl),
(C3), (C4) and (C2'). Suppose that 1 g < oo and n> a. Then

an(j‘/;l . Ioo.q) = an(}; “ ' “oc-,q) = kn(l’ 00, q) :en—a-kb(%y’ q)

Let Py, 1°€ 4, (b<o<n—a+b), & €A, p=a—b+o0) be as in
Theorem 2.1.4 (applied to m=n —a + b). Then the kernel H, defined by
f(’ 9b élv»os)
1,...a; r,,..., Tyt

Hy(s,t)=K(s,t)—
1,..,b; &,..., &

<t (1 a; t‘l’ rg)
yeons @3 Tioeens Ty

is extremal for a,(%';| - | o), and the integral operator T, € ¥ (L, L") is
extremal for a (% || - o o)
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Let L, be the subspace

Ly= Y ajk;+ Y BKC.1)): Y Bg(t})=0 for gEN,
i=1 J=1 ji=1t
of C([0, 1)). Then L, is of dimension p and interpolates at the points of &° =
(V5 E0): let Ty C([0, 1]) ~ Ly, be the corresponding interpolation operator.
Then Ty \Ny=T(Tx|Ny) and this operator is extremal for
a,(Tx | Nys M, Ny); the subspace L, is extremal for k(7 o0, g).

Suppose that the system #  also satisfies conditions (C3') and (C2). Then

an——a+b('fl; ” : “q’,l) :kn—a+b(jl; ql’ l) =en—a+b(f, q)

Let L be the subspace
P

b [
Ly=1N o8+ X BK(E.): Y Bik(E) =0 for kEM,

i=1 i=1 i=1

of C({0, 1]). Then L} is of dimension o and interpolates at the points of 1° =
(T3 s T2); let T} C([0, 1|) — L be the corresponding interpolation operator.
Then Ty, is extremal for a, o (Z";( - (4,1) The operator T, |M;=
To(Ti | My) and is extremal for a,_,, (Tx | Ms; N,, MY). The subspace L/,
is extremal for k,,_, %7 q'. 1)

Qutline of Proof. The first assertion of the theorem follows from a
succession of inequalities:

a5 e ) 2 al A5 ) (1)
>k, (% 0,q) (2)
>e, _o.5(F,9) (3)
=[Pyl (4)
=|K~Hl,, (5)
2 a, (5] 0.q) (6)
2a,( 751 ) (7

Inequality (1) is by 2.1.1. Inequality (2) is by L.2.1. Inequality (3) is
Theorem 2.2.1. Inequality (4) is by choice of P, (Theorem 2.1.4). H, is well-
defined by 2.1.4(ii). Inequality (5) is by 2.3.8(iv). Inequality (6) is by 2.3.8(i)
and (ii) which assert that the kernel H, satisfies the defining conditions of
a, (%] |e.4) Inequality (7) is because pn It follows that all the
inequalities are in fact equalities. The properties of H,, T, L, and
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TO(T,,OlN,f) which are asserted now follow simply from 2.1.1, 1.2.1 and
2.3.8.

Now suppose that the system .7~ also satisfies conditions (C3’) and (C2).
There is a succession of inequalities:

a5 ) 2 knarsl 3 9°, 1) (8)
Ze, g7, q) 9)
=|K — Hole 4 (10)
2T~ Ty 0. (11)
=T — Tigllgr s (12)
>a, (A" - llg) (13)
>y gi (A5 g ) (14)

Inequality (8) is by 2.1.1. Inequality (9) is Theorem 2.2.3. Equality (10) is
(4) and (5) above. Inequality (11) is by 2.1.1. Equality (12) is an elementary
duality result. Inequality (13) is by Theorem 2.3.8 applied to the transposed
system %" (this step requires (C3’) and (C2)). Inequality (14) is because
o<n—a+b. It follows that there is equality throughout. The extremal
properties of Hy, T, Ly, etc., follow simply.

We remark that the equality

an~a+b('j”:

I ) ”q’.l) = an(}/! ” ' “oo.q)

is essentially a special case of Theorem 1.2.2 (the case ¢ =1 requires an
appeal to symmetry). Thus the first part of the theorem, together with
Theorem 1.2.2, allows us to bypass inequalities (8) and (9) and so obtain
most of the theorem without the use of Theorem 2.2.3.

The relation of these results to those of Micchelli and Pinkus [12, 13, 14]
will be described using the terminology of this paper. That part of [12]
which relates to integral operators can be described as being concerned with
k(75 0,00) and a,(F, 00, o0) in situations in which »=0. The paper
[13] is primarily concerned with &,(.%"; 1, 1) in situations in which b = 0 (or,
one can say, with k,(#’;1,1) when a=0). The introduction of the
subspaces N, unifies these results. The case g= o0 of Theorem 2.1.4
contains both |12, Theorem 7.1] and [13, Theorem 2.1}, but the proof is of a
different nature. The paper [14] is concerned with k,(#, o0, g¢) (b=0) and
k(% ';q',1) (a=0) but in that paper these are related to a,(¥; o0, q) and
a,(¥";q',1) only when a=5=0. Theorem 2.1.5 (together with Theorem
2.1.4) contains a major part of [12, Theorem 7.2; 13, Theorem 2.2] and
essentially all of the results of [14] apart from those which are concerned
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with Gel’fand widths of sets. (The results for Gel’fand widths can also be
extended and incorporated.)

Finaily we remark that Tikhomirov’s conclusions [21} imply that, for the
system

G

- (o

e X, 0)<e,_(#,)for m>r. This conclusion escapes Theorem 2.1.4.

L.,s" 1 g),

2.2. Applications of the Borsuk—Ulam Theorem

The Borsuk—Ulam antipodal mapping theorem states that if ¢: " - R" is
a continuous and odd mapping of the euclidean n-sphere S" into the
euclidean space K" then 0 € ¢(S"). The theorem was first used in the exact
determination of Kolmogorov widths by Tikhomirov [20]. In fact the deter-
mination of Kolmogorov widths and the Borsuk-Ulam theorem are
inseparable (see [2]). It is convenient to use here a set-valued version of the
theorem due to Day [3] (it can also be proved in an elegant way using the
methods of Browder [1, cf. Theorem 4]):

Let ¢ be an upper semi-continuous non-empty compact convex set-valued
mapping of S" into R" such that ¢(—x) = —o(x) for all x € S". Then there
exists x € 8" such that 0 € p(x).

In the two theorems of this section .# is a system as in Section 2.1, but no
conditions are imposed on it.

2.2.1. THEOREM. For each q. 1 < g < ®, and each integer n > a
kn( 73’/; oo, q) > enAa +b(']y' q)

Proof. Let 6 =n—a+b. First we introduce a mapping y: S°—- L%
which is by Pinkus ([17], see also [14]) out of Hobby—Rice [5]. If

2= (2 2y VE ST = {(Z e 2, VE R i zi 4 oo 422 =1
let t4(z)=0 and t,(z)=Y[_, z] for i = 1,...,0 + 1. Define w(z) € L™ by
w(z)(t) =sgn z, for te€(t,_,(2),1,(z)) and j=l...0+ L.

Then w is an odd mapping of S into the unit ball (L*), of L*™. It is
continuous with respect to the L'-norm on L™. Furthermore, for each
z€ 8% y(z)=+h, for some € A .

Let L be any (n — a)-dimensional subspace of the quotient space L/M,
and let P be the set-valued metric projection of LY/M, into L, that is, P(x) =
{\yEL: |x—y||=d(x, L)} for each x&€ L9/M,. Then P is an upper semi-
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continuous non-empty compact convex set-valued mapping and it is odd. Let
¢, be the set-valued mapping which is the composite

Y ALYy LELE L)) gy &

The composite T,y is continuous and so ¢, is upper semi-continuous. Now
define a set-valued mapping ¢ of S into R® X L >~ R? by

0(2) = ((81s W(2))rerns (85 ¥(2))) X 94(2).

The mapping ¢ satisfies the conditions of the set-valued version of the
Borsuk—Ulam theorem. Thus there exists z € §° such that y(z) € Ny and
0 € ¢,(z). This latter condition means that

d(aTyy(z), L) = |[nTxy ()l

Therefore for some k, € M,
d(ky + Tew(z), 1~ (L)) = |lko + Tcw(2)].
This proves that

O(My + T(Ny N (L)) 2™ (L)) 2 [lko + Ty ()]

But for some t € A, h_ = +y(z) € Ny, so
ko + Ty (2)ll > ,(7; q).

The theorem now follows.

2.2.2. Remarks. (1) The argument above essentially contains Pinkus’s
proof of the Hobby—Rice theorem. In the case n = a it yields the conclusion
that A, € N, for some 7 € A, . This is the consequence of the Hobby-Rice
theorem to which we appealed when defining e, (%, g) in Section 2.1.

(2) The set-valued version of the Borsuk—Ulam theorem can be
avoided. The image (nT,w)(S°) is separable. Introduce an equivalent strictly

convex norm |||-||| on the separabie space E = span(L ‘U (nT,w)(S?%)) <
L%M,. The metric projection P,: E— L with respect to the norm
I-1+e¢ll- |l is point-valued. Apply the Borsuk-Ulam theorem itself and

select a cluster point as ¢ — 0.

2.2.3, THEOREM. For each q, 1 < q < o0 and each integer n > b

k(Z'5q',1) 2> e (7, q)
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Proof. Let E=L% and F=L". Denote the integral operator

E=L" -1, ' =F
by T € & (E, F). The conjugate mapping T* € ¥/ (F*, E*) is the composite
Fr B pe g pa d, pra (L),
where J is the canonical embedding. First note the

PROPOSITION.  [f'w € L? then ||Jy | (M; NE)| = d,o(w, M,).

There are two cases to consider. If 1 < g< oo then J is an isometric
isomorphism, (M} N E)* = JM, because dim M, < oo, and

Vv | (Mz N E)l| = dUy, (Mz N E)") = d(Jw,IM,) = d(v, M,,).

If g=1 then E=~(L%* and the proposition follows from the fact that
(LM )* =~ (M, NE).

Now let L be any n-dimensional subspace of F such that N, L. If
SEM,NE, and g € N, then

de(g+ Tf, L) = dp(Tf, L)
=sup{®(Tf): ® € (L), < F*}
= sup{(T*®@)(f): @ € (L), }.

Now, by taking the supremu over all f€ M, NE, and g€ N,, and by
appealing to the Proposition, we obtain the equalities

Op(Ny+ T(M; N E,), L) =sup{|| T*® | (M; NE)|| : @ € (L"), }
=sup{d(Txo,M,): 0 E (Ll)l cSL*}

Now by the Hobby-Rice theorem (Remark 2.2.2(1)) there exists (€A,
such that i, € L* < N, M L*™. Therefore

Ox(Ny + T(M; NE\), L) > e, (¥, q)
The conclusion of the theorem now follows.

2.3. Consequences of the Total Positivity Conditions

This section is mainly concerned with extensions to well-known results in
the theory of total positivity. The arguments are basically those of [14]. The
extensions achieve some gain in efficiency. Pairs of theorems are replaced by
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single theorems. In particular Theorem 2.3.6 includes both [14, Lemma 3.1 |
and [14, Lemma 3.2]. The discussion also applies with trivial changes
(specified in Section 3) to the periodic situation. The final Theorem 2.3.8 is
independent of the rest of the section.

A basic procedure in the theory of total positivity involves the approx-
imation of totally positive kernels by strictly totally positive ones. In the
present situation the procedure requires an extension of “the basic
composition formula” [6].

If 7 =(K; ko ky3 8150 8p) is & system and G is a kernel we define
systems % * G and G * % by

FxG=(K* Gk, kys 8, % Gy 8 * G),
Gk ¥ =(GC+xK;Gxkips GxKys 810 &)
2.3.1. Composition formulae
s By &y
F *G) (i’ b Gy )

yeers @5 Tpgeeey Ty

A T L P

L as §yenn G, Tipenns T
§i1<83< <4,

(G *.7) (l,..., by &,..,¢, )
Leoa 7,17,

_ " G ({,,..., ép)%(l,..., b; C.,...,C,,) dC, - dl

Croenn &y Ly @ Tppens T, »
<< <,

Progf. If a=0 then the first identity is contained in the basic
composition formula. The proof of the first identity involves three steps. (1)
Replace the determinant

7 (1,..., b; &y ép)
Lo as & onn &,

on the right by its Laplace expansion by its first a columns. (2) Interchange
sum and integral. (3) Apply the basic composition formula (the case a =0)
to each term of the sum. The resulting sum is the Laplace expansion of the
left-hand side by its first @ columns.

The second identity can be obtained by transposition from the first.

We can now introduce what is sometimes described as the “smoothing
process” (see [6, p. 103]).
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2.3.2. Notation. Let G, n+#0, be the kernel defined by

1 1 s—\
ot e (- H(5)
" Inlv/2n 2\
For any system .7 = (K; k..., kK5 8, &) let

K = Gn * (K * G"),
A =G, (# *G,).

For each n +# 0 the kernel G, is strictly totally positive (see [6]) and (G,
#— 0) forms an approximate identity (in a sense to be made precise) for the
algebra of continuous kernels. The properties of G, which will be required
will be listed in the following catch-all theorem.

2.3.3. THEOREM. (i) For n+# 0 the mapping n— G, € C(|0, 1] X [0, 1])
is continuous with respect to uniform convergence of continuous kernels.

(i) IffE€C([0,1]) then |G, * fllo < || fllo and (G, * f)(s)— f(s) as
n— 0 uniformly for s in each interval [6,1 — &) with 6 > 0. If s =0 or 1 then
(G, * f)s)~ 1(s) as n— 0.

(iiiy IffeC(|0,1]) and € > O then there exists 1, > O such that

min{f(s), 0} —& < (G, * f)(s) < max{/(s), 0} +¢

Sorall s€ [0, 1] and all n € (0, n,).

(iv) If K€ C([0,1] X [0, 1]) then K x G, — K as n -0 uniformly on
each rectangle [0,1] X [6,1 — 5] with 6> 0. The kernel K' converges
uniformly to K as n— 0 on each square |5, 1 — 6] x [8,1 — &] with 6 > 0.

(v) If the system ¥ satisfies (Cl(a + o)) and (C6(a + 0)) then for
each n # 0 the system & satisfies (Strict Cl(a + 0)).

Proof. Property (i) is obvious. Property (ii) is well-known and the proofs
of (iii) and (iv) are similar. Property (v) is an immediate consequence of the
composition formula 2.3.1 and the strict total positivity of the kernels G, .

The point of (iii) is that it provides information about G, * f in the
neighbourhoods of 0 and 1. It will be used in the proof of Theorem 2.4.5.

Integral operators with totally positive kernels have ‘‘variation
diminishing” properties (see [6]). The next target is a theorem (2.3.6) of
variation diminishing type. A lemma is needed—in the case a =0 it is well
known.

2.3.4. LEMMA. Suppose that % satisfless (Cl{a+o+1)) and
(C6(a + 0+ 1)).
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Lett€A,and 0 ¢ < --- <&, <1, wherep—a=0—b>0. Let i* be
one of 1,...,p+ 1 and suppose that

P

sgn 7" ( Loubs &y & &) 4 ,) .
Lo, as T, 7,
Sfor some n in each interval (0,8), 6 > 0. If .7 satisfies (Cl(a+ o)) and
(C6(a + o)) then necessarily, by 2.3.3(iv), ¢ = L.
Then there exists a function ¢ of the form

p+1

a; g+ : B:K(;, )

1=1

<
I
[4s

i
—

such that

(i) the coefficients a,,...,ay, B,,... B, are not all zero,
(") Z?:II ﬂlkj(él) = Oforj: L,..., a,
(iii) (=1)°¢h, 20,

(iv) B-=0ife=0, (—1)2*b+o+"+18 >0 ife=1or —I.

Proof. Suppose first that 0 <¢;,&,,, < 1. Let ¢, be a function defined
by

. 1., b: ¢ ... &
=A‘}/ln) < 1 D+ l)
@a0) Ly @571 50y T, 8
b p+1

=N ame™O+ X Bim) K™ 1),

i=1 i=1

where the sum denotes A times the expansion of the determinant by its last
column. By Theorem 2.3.3(v), for each 7+ 0 and 4 > 0 the function ¢, is
non-zero. Let 4 > 0 be chosen so that

max{| e, (M)e-.s (@Ml | B1(M)ees 1B, 1 (I} = 1.

The function ¢, satisfies appropriate forms of (ii) and (iii). If the final
column of the determinant is replaced by the jth column then expansion by
the final column gives the appropriate form of (ii). The system 7™ satisfies
(Strict Cl(a + o + 1)) (by 2.3.3(v)) and the appropriate form of (iii) follows
immediately. The coefficient §;.() is given by

L., b5 &, ..y f,-. yeves p+l)

L, @ Thpnenn , T

By =Ax™ (
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We will let #— 0 through a sequence such that sgnf,.(7) =¢. Now let
(@) sees @y, Byse By, y) be a cluster point of the sequence (a,(7),.... a,(n),
B1(M)s.rr B, 1(n). Then, passing to the limit and using 2.3.3(ii) and (iv), and
the continuity of the functions, it follows that

p+1

b
Q= 2 a;g;+ E B:K(&;, -)

i= i=1

satisfies (i)—(iv).

If 0=¢ or £,,, =1 then replace { by £ >0 and {,,, by £ ., <L
Apply the result in the case 0 <& <&, <+ <&, < ¢, ., <1 and repeat the
process of taking a cluster point as (£{,¢,,,)—~ (£,,&,. 1)

2.3.5. Remark. The lemma does not assert that ¢ = 0. However, if %
satisfies (C4'(a+o+1)) and ¢(€4,,,, or if %7 satisfies
(Ext C4'(a + o + 1)) and 0 < ¢, then ¢ # 0.

The number of sign changes of a function fdefined on [0, 1] is denoted by
S7(f). That is,

S7(f) =sup{p: thereexist 0 < ¢; < -+ <&, < | such that
SE) (&) <Ofori=1,..,p}

and S (f) either is a non-negative integer or is infinity. If 1 € A4, then
S (h)=o0.

The next theorem takes two forms according as .7 satisfies
(C4(@+o+1)) or (ExtC4'(a+ o+ 1)). The second form is indicated by
elements in square brackets.

2.3.6. THEOREM. Suppose that %  satisfless (Cl(a+ o0+ 1)),
(C6(a+o+1)) and (C4'(a+o+ 1)) lor (ExtC4'(a+ o+ 1))]|, where
oz2b Lett€A, and

u=ko+Kxf+ > KK(, 1)

J=1

where k, € M, [ is integrable, fh, >0, f € Ny and

S k,g(r)=0  forall gEN,.
j=1
(i) If f~'(0) is a Lebesgue null set then u has at most p=a+0—b
zeros in (0,1) [or in (0,1]]. If u has zeros ar 0 <& < --- <& <1 [or
&, < 1] then, for either € = 1 or e =—1, euh, > 0. If 7 satisfies (Cl(a + o))
and (C6(a + o)) then ¢ = (—1)%*%,
(ii) If # satisfies (C3) then S~ " (u)<p=a+o—b.
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Proof. (i) Suppose that f~'(0) is null. Suppose that u has zeros at
0<é<--<& <1 Jor & <1]. Consider &€ (0, 1)\{{,,...., &, ). Then
&1 <&k <& for some i* (where we interpret £, =0 and &, , =1 if
& <) Put S={{,..,&,, &}

Now suppose that

p=g+ > BK(s )
seS
has been chosen according to Lemma 2.3.4 (and Remark 2.3.5) so that
@#0, goENy, DiesBk(s)=0 for k€M, and (—1)’¢h, > 0. We now
have, using the facts that ¢ is continuous and #0, (—1)°¢f > 0 and f~'(0) is
null, that

(=D)°Bue) = (—=1)° X Bu(s)

ses§

= (=1 [ o) f(0)
> 0.

This proves that u(¢,)+ 0. However, it also shows that the sign of §; #0
was determined by u# and that in the appeal to Lemma 2.3.4 there was no
choice. Consequently

1,..., b, él yeeey éa

sgn 2™ (
Le,a; 1,7,

):e’;&O

is contant for # in some interval (0,0) and

(_1)a+b+a+i‘+lﬁ{*81 > Q.

Now ¢’ is independent of &,. This proves that (—1)“+be’hgu>0. This
completes the proof of (i).

(i) Let A={p€L®(0,1]): @h >0, inf|o@)>0}. Then A4 is
convex and open in L®([0, 1]). We will show that 4 N N, # @. For suppose
on the contrary that 4 M N, =@. Then there exists a linear functional
@ € L™ ([0, 1])* which separates 4 and N, : ®(¢)=0 for all ¢ € N; and
PD(p) > 0 for all ¢ € A. It follows from the first of these conditions that there
exists g, € N, such that ®(p)=<g,,¢) for all p € L*([0, 1]). Now by
condition (C3) the function g, has at most b—1 zeros in (0,1) and
b—1<o. Therefore g,h, is not of constant sign. We now obtain a
contradiction, for we can easily show (using the continuity of g,) that
D(p) = (gy,¢) < 0 for some ¢ € A.

64034 | §



64 A. L. BROWN

Now suppose that ¢ € Ny N A. The conclusion (ii) follows by applying (i)
to £+ ug (2 > 0) and letting u - 0.

The remainder of this section is concerned with the kernels H, (of
Theorem 2.1.5) which are best approximations to K in the sense of
a,(*,| |y, Lemma2.3.7 establishes one clause of Theorem 2.1.4 and
ensures that the kernels H, are defined. The proof of Lemma 2.3.7 follows
that of [12, Lemma 7.2|. Theorem 2.3.8 describes some of the properties of
the kernels H, and shows that under suitable assumptions they are indeed
candidates for best approximations to K in the sense of a, (%] - ). It is
this last fact for which we require that 7" satisfies (C2'(a 4 o))

leo.a

2.3.7. LEMMA. Suppose that % satisfies (Clia+o+1)),
(C6(a +0+ 1)), (Cd(a +0))and (C4'(a+0 + 1)).

Suppose that a function Py=ky+ K * h_, where ky€M,, 1*€ A, and
h,, € Ny, has zeros at the point of & €A,, p=a+ o —b. Then

g (LB & &
1., a; T?,---, T?,

) =o.

Proof. Suppose not. Then there exist a,,...,a,, K, ..., K, not all zero such
that

N k,g(z))=0  forall gE€N,

J=1
and

a

Nak(E)+ N kK(E,)=0  for i=1l,...p.
j j=1

j=1 ji=

Now, by (C4(a + o)), for some &, € (0, 1)

\,_ a;k(Cy) + : KK (Cses 7j) # 0.

J=1 i=1

Then we can choose A so that

Py(&y) + 4 (i a; k(&) + i KiK(Ex, T?)) =0.

Then Py + AQ 0, a;k;+ X9_ k,K(-, 1)) has p+ 1 zeros in (0, 1). This
contradicts Theorem 2.3.6(i).
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2.3.8. THEOREM. Suppose that X satisfies (C3) and (C2'(a + 0)).
Suppose that t° € A, and & € A, are such that

Ly, b3 &Y,..., &0
y4 0 .
(l a; T4y T3> 0
Let
(b &y C‘,?,s)
l,u-, a; T(])’"'Q Tg9 t
Hy(s, t)=K(s, 1) — 1 0 ’
X 1,..., b', ’:0 9eney Cp)
Luwa; 78,10
and let

L,= Zl a;k; + El BiK(-1)): Zl B;g(t;)=0 for g€ Nbg.
Jj= Jj= Jj=

Then (i) dim L, =p.

(i) Hyx (NeNC(0,1]))=L,2M,.

(iii) L, interpolates at &},..., & If To: C([0, 1]) - L, is the operator of
interpolation at &...., £, then Ty | Ny = To(T | Ny).

(v) If # also satisfies (Cl@a+ao+ 1)), hoEN, and P,=
ko + K * h_o, where k, € M, is a function which is zero at the points of &°
then

|K_H0 |oo,q = ”POIIq

Progf. If f € Ni then

. Lowb; &8s
| 7 ( Ly @ 795, 70, 8 )f(t) at
0 0 (™) g(t7) 0
0 0 (t}) £,(73) 0
Sl K@) k@) KL e K@) (K xS
k(&) o k(&) K.tV - K(&,1o) (K * S)ED)
kis) - ki(s)  K(st) o K(s,T5) (K *f)s)

a

o L., b; &,..., &°
=N agkis)+ N BK(s, 1)) +.7 ( Cirens G
J=1

. 20 0
j=1 - Ly @577 ey T

) & +1)6)
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for some a, ..., a,, ..., B, satisfying the equation

N Big(th=0 forall g€ N;.

J=1
This shows that

Hy+ (N;yNC([0, 1)) = L,.

It is an immediate consequence of the definition of H, that (H, * f)(&])=
(K« f)(¢&)) for all i=1,..,p and all £ € L'([0, 1]). Consider the mapping
@: C([0, 1]) » R®** defined by

o(f) = ({fs 80w (s 8o)s (K # [YEDserrs (K % F)ED):

For each ¢ € [0, 1] the point (g,(t),..., &5(1), K(£},1),..., K(£5, 1)) is in the
closure of ¢(C([0, 1])) (let f “tend” to the unit point measure at ¢) and is
therefore in (C([0, 1])). Now, by (C2/(b + p = a + 0)), o(C([0, 1])) = R?*».
It now follows that the composite mapping

- * ind ) TR o
NEAC([0, 1]) L5, ([0, 1]) L2 SED | o

is surjective. But it coincides with the. composite

SoHo*f FAEED P
—_—_————

Ny C([o, 1])—= ¢([0, 1]) Re.

Consequently dim H, * (N, N C([0, 1])) >p. However, by (C3) and the
definition of L,, dim L, < p. This proves (i), (ii) and (iii).
If # satisfies (Cl(a + o + 1)) then

’ (1, (l,..., b; &..., {g,j)

. .0 a
Lesa; 11,1

o

1,..., b; 6(1) greny 629 s
1) dt.
Loy a; t9,.,7° t) heolt)

a?

dtzdz'l-Z’(

If (K *ho)&)=Po(&]) — ko(&)) = —ko(&]) for i=1,.,p then by the
calculation at the beginning of the proof, using the fact that k, € M, =
SP{k | seees Ko}

l,..., b; é?s--" 5,0;

. 0 0
Lesa, i, T,

|4 - ( Lo by &,.,8%,s

. 0 0
Ly @3 Ty s Tys t

) hoot)di=F ( ) - Py(s).

This proves (iv).
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2.4. The Variational Problem e, (%, q)
Recall that, for m > b,

e (F,q)=inf{||{k+Kxh|,:kEM, 1EA,, h €Ny}

We will require that .7 satisfies (C3), and g,,..., g, will therefore form a
weak Chebyshev system. It is then a consequence that if 7€ A, and h, € N;
then ¢ > b. By the Hobby—Rice theorem the set {t € A,,: h, € Ny} is non-
empty if m>b; it is also a closed subset of the compact set A, . The
function t— K x h, € L? is continuous on A,,. It follows that there exists a
function P, which is extremal for e,,(.%, ¢q). That is, P, is of the form

P0:k0+K*hro,
where k,€M,, 1° € A, and 6 < m, h,, € Ny and
||P0”q = em('/?f’ q)

Conditions which must be satisfied by P, will be derived by considering
variations of P,. The argument, initially, follows that of Tikhomirov [21].
The variations are of two kinds: variation of the points of ° and, if 6 < m,
the extension of t° by the addition of points. There are three cases to
consider. The notation will be chosen to cover all cases simultaneously.

Case (1). Ifo < m 2 then we may add two points to z°. In this case let
2, be a point wnth 18 <12, , < 1 and let 4 denote (—oo0, 0]

Case (2). If 6 =m — 1 then we may add one point to z°. In this case let

2., =1 and again let A denote (—oo, 0].

g+l

Case (3). If 6 =m then we cannot add additional points to 7°. In this
case let 70, , =1 but let 4 = {0}.

The next lemma is a development of |21, Proposition2]. Let B(O, r)
denote the open ball {f€ L ||f|, <r} in L7

2.4.1. LEMMA. Suppose that condition (C3) is satisfied. Let

o+1

; X UK KE My, (et ) € TP (<17, €4,

g+l
> u;g(r)=0 for gEsz

= )y

Then

B(O» ”Po”q)ﬁ (Po + V) =
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Progof.  Suppose that

o+ 1
p=k+ Y 2=1Y'K(,HEV

j=1
(so that @, ,, € 4) and
| Po+ pll = [1Poll — 6 < || Pyl

We will obtain a contradiction to the fact that P, is extremal for e (%, q).

The proof will involve an appeal to the implicit function theorem which is
usually stated in terms of functions defined on open sets. In order to invoke
the theorem it is convenient to extend the domains of definition of K and

gires &b DY
K(s,t)=K(s, 1), g,(t)=g/1)

fort>1,alls€[0,1] and i = 1,..., b.
If 4,,,=0 let v=0 and *=7° If 4,,,#0 (and so @,,, <O0) let
v=0+ 1 and ¥ = (19,.., 72, 72, ,). Thus, in both these cases 7' € 4 < R".
Let W={r,,..7,)ER" 0< 1, <. <7,}. Then W is a neighbourhood
of 7°. Define mappings

8: W— R,
oM, XW—— L7
by

6= N 21y g@ydr e, 217 [ gy ar
i} Y0

i=1

F 0| g0 d
ok, T)(s) = k(s) + \_ 2(=1)-! ('T’K(s, 1) dt

te, - 2—1)7! |0 K(s,t)dt + (=1)°*? ’01 K(s, 1) dt,
where ¢,=lifv=0+1and g, =0if v=o0.
Ifr=(r,,7)and 0 <1, < -+ <1, <Tp,, let
T = (T s Tgs Ty T 1) EAyyas in Case (1)ifv=0+ 1,
= (T s Tga Tou ) EAgiys in Case (2)ifv=0+ 1,
= (Tysens ) E Ay, ifv=o0.
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Then
0(z); = (g by s ok, Ty =k + K h,..

Note that these equations do not hold if v=0+1 and 5, ,<7,,,.
Furthermore

0(°)=0,  o(ky, ") =P,.

A straightforward calculation (appealing to the continuity of K and
g1+ &) Shows that 6 and ¢ are Frechet differentiable mappings and that
the derivatives are given by

v

' ()= Y 2(=1) " ug(x))

j=1

o' (ko D)k, )=k + Y 2(=1Y " 'u;K(, 1))

=
Therefore
p=09'(ky, )k, 1),
where k € M, and @ = (1, ,..., &1,) € ker &' (°).
The mapping
W =814, s (R*, R?)

is continuous and, by (C3), #'(:°): R* » R’ is of rank b (recall that ¢ > b

and 7° contains the ¢ points 1),..,7° of (0,1)). Now by a routine

applications of the implicit function theorem there is a neighbourhood W, of
2 € R” and a mapping

w: WoO (T + ker 8'(7°)) - 7' (0) = R*

such that w(¥°) =, v is differentiable and v’ (")(u) = u for u € ker ¢ (f°).
If 0 <e< 1 then

[Py + @' (Ko, fo)(f:lzs )| = 1| Py + epll < || Poll — €6y -
A simple calculation now shows that for small ¢ > 0
(ko + ek, w(, + &)l <[Pyl

However, [w(t® +ei)—1° —¢it] =¢|@]. O(1) as e—0. Therefore if
v=0+1 and #,,,<0 then for small &£>0 the coordinate
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(w(T® + ei) — "’)a,rl has the same sign as @7, ,. Therefore for small ¢ > 0, in
all cases, g(k, + ek, w(T, + €ti)) is of the form k, + ¢k + K * h,, for some
' € A,, with ¢’ <m and h_. € N;. This contradicts the extremal property of
P,. The proof of the lemma is complete.

The two cases 1 g < oo and g = oo are now discussed separately; the
latter case in two stages, first assuming that (Strict C1) is satisfied, and then
assuming only (C1).

2.4.2. THEOREM. Suppose that 1 < q < oo and that m > b. Suppose that
A satisfies (C3), (Cl{a +v)), (C4(a +v)) and (C4'(a+v)) for by
m+ L

If Py=ky+ K * h_, where k, € M,, 1* €A, and 6 < m, and hoE Ny, is
extremal for e (%, q) then

(i) P, has precisely p=a—b + o zeros in (0, 1);

(ii}) either co=m—1 or o =m; if % also satisfies (Ext C4(a + m))
then ¢ = m. Futhermore

(i) Fo+2<r<mthen e(#,q)<e,_,(7,q); if # also satisfies
(ExtCdla+m)yand b+ 1< r<mthenel#.q)<e,_\{(¥.q).

Proof. Note that, by Proposition 2.1.2(ii), .# satisfies (C6(a + v)) for
b<vm+ 1.

By Theorem 2.3.6 the function P, has at most p=a— b+ ¢ zeros in
(0,1). So ||Pyll, #0. Let P, change sign at the points of ¢’ € A,, where
p < p. Choose ¢ = +1 so that eP, A, > 0. Let

| Pol*”"

1B, S8 For

=¢

Then ¢h,>>0 and ¢~ '(0) is a null set. The linear functional @ € (L?)*
defined by

O(f) = [ e0(0) (0 dt

is the unique support functional to B(0, | P,||) at P, such that | @| =1 and
@(P,) =||Pyll. (If 1 < g < oo then the space L7 is smooth, if g = 1 then P, is
a smooth point of the closed ball B'(0, || P,||) because ¢ ~'(0) is null).

The set ¥ of Lemma 2.4.1 is convex, and so, by Lemma 2.4.1, the linear
functional @ separates B(0, || P,||) and the convex set P, + V. Therefore

[ o) k()=0  forall kEM,
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and

ag+1

S su(p* K)(D) >0

paa—

J=1
whenever both

o+1
N oug(r))=0  forall geEN,,

=1
and
(-1)°u,,, €A.
This condition, in the case that u_,, =0, implies that for some g, € N,
(8o+9*K)1))=0  for j=1,.,0.

Now by Theorem 2.3.6 applied to the transposed system .7’ (and to the
function ¢) it follows that o <b—a + p, that is, p>a—b+0o=p. This
proves that p=a — b + a, and proves (i).

It now follows from Theorem 2.3.6 that ¢ = (—1)°*%. Also, by Theorem
2.3.6 applied to .7’

(=1)***(gy + 0 * K)h s > 0.

By condition (C3) there exist u,,..., 4, such that

g+l

N oug(r))=0  forall gEN,

=1
and such that u_,, ,+0. We can choose such coefficients with
-1)u,,,<0. If o<m—2 (Casel) or o=m—1 (Case2) then
A =(— 00,0]. Now for these coefficients

1

eu;(p x K)(z))

113

0<

1
1

eu;(gy + 9 * K)(17)

Il
T3 T

=eu, (g +0*K)1o,))
= (=17 u, JN(=1)*""(go + 9 * K)(77 1))

so that

(_l)a+b+o(go +¢* K)(Tgu) =0.
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If we had o< m—2 (Casel) and 7% <1, , <1 this would contradict
Theorem 2.3.6. This proves that o is either m—1 or m. If . % satisfies
(Ext C4(a 4+ m)) and we had 0 =m — 1 (Case 2), so that %, , = 1, we would
again have a contradiction to Theorem 2.3.6. This completes the proof of
(ii).

It follows from (ii) that a function Pj which is extremal for e,, (%, q)
cannot be extremal for e, (#,q). Therefore e,,_.(#,q)> e, (#.q). In the
same way, if (Ext C4(a + m)) is satisfied then e,, (#,q)> e, (#.q). The
conditions for the integer m contain the conditions for smaller integers.
Therefore (iii) follows.

The next two theorems are concerned with the case g = oo

2.4.3. THEOREM. Let m > b. Suppose that # satisfies (Strict Cl(a + v))
forb<v<m+ 1.

If Py=ko+ K * h o, where ky€ M, 1 € A, and 6 <m, and h, € Ny, is
extremal for e, (%, o) then

(i) o=m, P, has precisely p=a— b+ m zeros in (0,1) and there
exist p + | points of |0, 1| at which P, attains its bound || P, ||, with alter-
nating signs;

(i) ifb+1r<mthenel#,0)<e,_,(#,0).

The proof of the theorem requires a simple lemma. The implications of
Proposition 2.1.2 will be used without comment.

2.4.4, LEMMA. The subspace

Vi=lk+ N wK(,1)): k€M, vug(ro)--OforgEENbg

j=1 j=1

is a Chebyshev subspace of C(|0, 1]).

Proof. V' is of dimension p=a+ 0 —b. It is easily seen that any
function in ¥’ which has p zeros is the zero function (by Strict Cl(a + 0))).
The conclusion follows by Haar’s theorem.

Proof of the theorem. 1t follows from Lemma 2.4.1 that O is a best
approximation to P, from V' < ¥V < C(|0,1]). Therefore, because V' is
Chebyshev, P, attains its bound with alternating signs at p + 1 points of
[0, 1], and has at least p zeros on (0, 1). But, by Theorem 2.3.6, P, has at
most p zeros on (0, 1). Therefore P, has precisely p zeros on (0, 1). f m=1b
there is nothing more to prove. If m>b + 1 and the zeros of P, are at
& e, then (—1)**°Pyhy > 0.
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Now suppose that ¢ < m (Case (1) or Case (2)). Let

w(S)=(—1)"+',;7f( Liwsr B &l sy s 8 )

Lowa;y 73,.,19,7%,,
Then
a o+ 1
o=21 ok + Y 4K(. 1))
=1 J=1
where
o+1
Noug())=0 forall gEN,
j=1
and

L b &0 &5 )

. .0 0
L@ Thon T

ag

Upyy = (=1) (

Therefore p € V. By the condition (Strict Cl(a + ¢ + 1)) ¢ is zero only at
the points £° and (—1)****'gh,>0. It follows that, for small &> 0,
[Py + €9l < || Pyl and this contradict . Lemma 2.4.1. This proves (i), and
(ii) follows.

2.4.5. THEOREM. Let m> b. Suppose that % satisfies (C3) and
(Cl(a +v)), (C6(a + v)) for b < v m+ 1. Then there exists a function P, =
ko + K * h_o, where ky € M,, 1, € A, and 6 < m, and h« € Ny, such that

(1) “POHOO :emcya w)s

(ii) there exist a—b+ m+ 1 points of [0, 1] at which P, attains its
bound ||P,||, with alternating signs.

Progf. The proof will use the notation and conclusions of 2.3.2 and
2.3.3.

By Theorem 2.3.3(v), for each n# 0 the system .#'" satisfies (Strict
Cla+v))forbgvm+ 1. Let

a
Pn — k,' + K™ 4 hr(rn =) aj(ﬂ)k;-") +K(n) % hr(rn
j=1

be extremal for e, (%", o). Let (n,),,, be a sequence tending to zero such
that

liminf e, (# ™, )= lim ||P, |
n-0 rowo r
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and such that the limits
(@ a5) = rlirg (@11, )he-s @a(,)),

*=lim " e 4,

exist. Let
a
Py=Y a;k;+ K+ ho=ky+ Kx* h.
j=1
It will be shown that P, satisfies (i) and (ii). It follows easily from Theorem
2.3.3(ii) that h_, € N, . Another routine calculation, using Theorem 2.3.3(iv),
shows that

[P, — G, * Pylo—0 as r— oo,

and it follows from this that || P ||, = lim,_ || P
Next it will be shown that

v’r”CL .

e(#,0)>limsupe,(# '™, o)

n—-0
Let P=k+ K *h_, where kEM,, T€E A, and o <m, and h.€ N}, be
extremal for e, (#, 00). Consider the mapping
y:RxA,~ R
defined by
w(n 1) =(&i* Gyo by n#0,
w(0, ), = (g, h,).

Then y is continuous by Theorem 2.3.3. Also (compare with & in the proof
of Lemma 2.4.1) y is a Frechet differentiable function of its second variable
and its partial derivative wi(n, 1) € £(R°, R?) is a continuous function of
(n, 1) € R X A, such that rank y;(0, T) = b. By the implicit function theorem
there is a continuous mapping u: (—d, ) - A, defined on some interval
(=3, 8), such that u(0) =7 and w(#n, u(n)) = 0 for n € (—d, §). Then
e A ™, )< |G, * k+ K™ xh,,|
=|G,* (k+ (K*G,)*h
< ||E+ (K*G,)* hu(n)”oc
_’“E+K*h’r'||oo as n-0,
=e, (¥, o).

o

u(n) ”oo
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Now we have

e (7, ©)<||Pyll, = lim inf e,,(Z™, c0) < lim sup e,,(F"™, o)
<epn(Z, o).

This proves that P, is extremal for e, (%, o).

Finally, it follows from the fact that |P, — G, * Py|— O that if r is large
the number of alternations of P, on [0, 1] is not greater than the number of
alternations of P, on [0, 1|. To prove this it is necessary to examine the
behaviour of the functions in neighbourhoods of 0 and 1; Theorem 2.3.3(iii)
contains the information required. This proves (ii), and the proof of the
theorem is complete.

3. ConvoLuTION OPERATORS ON PERIODIC FUNCTIONS

3.1. Statement of Result

In this section C will denote the space of continuous 27-periodic real
functions and L™ the space of (equivalence classes of) bounded measurable
functions. The 2m + 1 dimensional space of trigonometric polynomials of
order <m will be denoted by &,.

We shall be concerned with kernels K defined on R X R, bounded, 27-
periodic in each variable separately and (for definiteness) piecewise
continuous in each variable, such that there is an integral operator

Te: L= C

defined by

(Tx)E) = (K * £)(s) = f K0 swd=[" K0/

If K is a kernel and k,,..., k,; g ..., g, are functions in C then
K = (K kys k5 8 &)

will be referred to as a periodic system. The notations of Section 2.1 are
applicable.

The principal result of this section concerns convolution operators with
kernels of the form D(s — ), where D is a 2n-periodic function (there will be
no confusion if we use D for both function and kernel) and particular
systems of the form

& =(D; Py Pgs Pyoeees Dy)
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in which either ¢ =0 and ¢ =(D; @, @) or p,,..., p, are the functions 1,
cos t, sin ¢,..., cos mt, sin mt for some non-negative integer m = 3(a — 1). (In
the notation of Section 1.2 we are concerned with the situations M, =
N,={0} and M, =N,=£ ). However the results are formulated only for
the cases in which g > 0. Only quite trivial changes are required to obtain
corresponding statements and proofs for the case a = 0.

Let

Ay ={r=(t0n 1) ERYT, <+ <1, <7, + 27},

If n is an even integer and rE/f,, let &, be the 27-periodic step function
defined by

()= (=1) for r,<t<r,, and i=l,..,n (1, ,=71,+27).
T 1] I+ +

The first condition we must formulate concerns only the function D (and
the integer m) and does not correspond to any of the conditions of
Section 2.1.

Condition (50). If p is a trigonometric polynomial then (D — p)~'(0)
contains no interval.

The remaining two conditions will be formulated for a periodic system
K =(K; kyv. ks )5 8,) In which b —a is an even integer.

Condition (C1). For each pair of non-negative integers ¢ and p, with ¢ =
p + 1(a — b) and for either ¢, =1 or ¢, = —1

Ly @3 Grpenn 6354y

Loty B3 Ty Tag y

e 7 | )>0
for all &= (& s &yyyy) in Ay, and 7= (1, Tyy,y) in Ay, . In the
terminology of [6] this is a “sign regularity” condition.

Condition (C2). For each positive integer o and each tE€ A, the
functions k,....k,, K(-, 7,),..., K(-, 7,) are linearly independent.

In the first draft of this paper the systems & were required to satisfy a
further condition, but by extending some arguments of [18] it can be shown
to be a consequence of the other conditions. The implication will be stated
here as a theorem and proved in Section 3.2.

3.1.1. THEOREM. Let & = (D; pyu.s Dgt Dysees Do) be a periodic system
in which DE C, a=2m+ 1 and sp{p, ... p,} = &,,. If D satisfies (CO) and
7 satisfies (C1) and (C2) then for each integer n > m there exists t° € A,,
and p,€%, | such that 1), ,—1)=n/n for j=1.. 2n—1 and

+(D — py)h,, > 0.
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The only explicit examples we know that satisfy the conditions we require
are the following ones.

3.1.2. ExampLES. Let D, be the right continuous, 27-periodic function
defined by

n—1
D)= 5 for 0t<2m.
For each integer r > 2 let
D(l)—1 %O‘ 1cos kt ri
A= ( 2 )

{This equation holds for r = 1 provided that #/27 is not an integer).
The functions D, are well known. D, is piecewise polynomial with knots at
2km, k an integer. For each r > 1

Dr+1(t) = Dr+l(0) + ‘.t D,(u) du,

but more significantly from our point of view this relation takes the form
Dr+ 1= Dr * Dl .

Let 2, denote the periodic systems &, = (D,; 1, 1) (in which a =1, m =0).
That D, satisfies (CO) is obvious. Furthermore it is a standard result of
approximation theory that D, satisfies the conclusion of Theorem 3.1.1 (see,
e.g., |10, Chap. 8]). It is easily verified that the system D, satisfies condition
(€2). 1t also satisfies (C1). More precisely we state as a

3.1.3. THEOREM. For each positive integer r and non-negative integer ¢

_Gr ( I; élv---’ézg.u ) >O

| S S S

foralléandtin 4,,, .

The theorem will be proved in Section 3.2.
We can now formulate the principal result of this section. It generalises
those resuits of [21] which apply to the periodic situation.

3.1.4. THEOREM. Let & = (D; P,y Py P15 Do) be a periodic system
in which D€ C, a=2m+ 1 and sp{p,,.., p,} =#,, and let T, denote the
convolution operator in (L, C).
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_Suppose that D satisfies (€0) and that the system 2 satisfies (C1) and
(C2). Then for each n > m

dLl(D! g_n—l) =0y, (Tp; gm’ g‘;) = aZn(TD; E s ?"J;,)
= an—l(TD 5 g_m’ g"J'.') = an(TD; gm’ g‘rj;l) = |(D * hro)(0)|’

where 1°, corresponding to n, is as in Theorem 3.1.1.
There is & ed,, such that &, ,—& =n/n for i=1,.,2n—1 and
(D * ho) (&) =0 for i = 1,..., n. Furthermore

0 0

o ( 1,..., Ay Gpseees G2p ) + 0.

. 0 0
Loy @5 T} ooy Tay

Let p,, corresponding to n, be as in Theorem 3.1.1. Let H, be the kernel
defined by
o ( Lo,a; E,.., &, )

. 0 0
Ly @5 T7ges T30 8

Hy(s,t)=D(s — ) —
0 o (1,..., a, é?a'-w égn)

. 0 0
Ly @570 ey Ton

Let

2n

2n
Lo=a)+ Y. BD(s ~ ;€ &y, X fp(e}) =0 for pE £, .

j=1 J=1
Then (i) p, is a best approximation to D from £, _, in the L' norm,
(i) &,_, is extremal for ky, (Tp;&,, € 1),
(iii) L, is of dimension 2n and is extremal for k,,(Ty; €,,, € 1),
(iv) Tg, is extremal for a,,(Ty; €,,, % ).

3.1.4. Remarks. (1) T, is not extremal for a,, (T,;%,.€,) as
Fn Do* (F)=T,(¢ ) (cf. Lemma 3.3.1).

(2) The function D, is not continuous and so the system &, =
(D,; 15 1) does not satisfy the conditions of the theorem as stated. It should
be possible, but cumbersome, to formulate general conditions short of
continuity, and appropriate variants of the results in Section 2.3 which would
permit an extension of the theorem to include the system &,. However, the
systems &,, r > 2, do satisfy the conditions stated.

(3) It is appropriate to comment on the particularity of the theorem.
Suppose that one attempts to apply the arguments to a more general system
L =(D5 fises fys 810 &) At one point one requires a =b. There is a
crucial step in the (Tikhomirov’s) argument which depends upon M, and N,
being translation invariant. The only finite dimensional translation invariant
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subspaces of C are spaces of trigonometric polynomials. The final clauses
(iii) and (iv) require that N, satisfy a Chebyshev condition (corresponding to
(C3) of Section 2.1). Therefore the combination of the arguments for all the
conclusions of the theorem require that ¥, = £, and that M, be a space of
trigonometric polynomials. Little is sacrified by considering only the
situation M, =N, =&,

(4) The sets £+ D = € , are translation invariant. Therefore any tran-
slate of L, is extremal for k,,(T;; %,.» 7 L). Thus for the sets £, + D * € 1
there are infinite families of subspaces extremal for some of the Kolmogorov
widths.

Outline proof of Theorem 3.1.4. There is a long sequence of inequalities.

(D Ra)O) > (D= poly 3 inf [D—pl,= inf |IT,~T,|
(%aln—l(T ;g_m*sz %an l(T ;Z_m* )?7‘;:)
(5
(% kon(Tp: B s B 1)
2D holle = 1D = Hlc.o =11 Tp =T
S ayl(Tp: 7,y eﬂ)>knr .75

1 (rn

=

The conclusion of Theorem 3.1.1 is satisfied by D, m, € A*" and
P, € %,,_,. It follows that _, is orthogonal to #, ,. So equality (1) follows
easily. Inequality (2) requires no comment. Equality (3) is by the case
g = oo of Proposition 2.1.1. Inequality (4) is a consequence of Lemma 3.3.1.
Inequalities (5) and (11) are cases of Lemma 1.2.1. Inequality (6) is
immediate.

The major step in the proof of the theorem is the proof of inequality (7)
which we will state and prove as Theorem 3.3.2. The argument is due to
Tikhomirov [21]. Once we are in possssion of Theorem 3.2.1 the argument
proceeds almost exactly as in the particular situation discussed by
Tikhomirov.

At this point in the argument it follows that (1)—(7) are all equalities.
Conclusion (i) of the theorem is immediate, It is simple to show that the
subspace £, + po * £ , C 7, _, is extremal for k,,_(Tp; %, ¥ ).

The step function h has the property % ot + n/n) = —h(t). So the
continuous function D *h,o has the same property and has zeros at the
points of some &° € A?" as described in the theorem. The assertion that

Q(l @y &y

1,.... a; r,, ,Tan

O .

)¢0

640/34/1-6
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is a consequence of a periodic variant of Lemma 2.3.7. The kernel 170 is now
defined. Equality (8) (the right-hand side is the mixed norm of the kernel, as
in Section 2.1) is a consequence of a periodic variant of Theorem 2.3.8.
Equality (9) is by Proposition 2.1.1 again. The fact that T satisfies the
defining properties of a,,(T,;&,., & ») is a consequence of the variant of
Theorem 2.3.8; this proves inequality (10). It now follows that there is
equality throughout (1)—(11). The extremal property (iv) of H, is inmediate;
the properties of Z, require another return to the variant of Theorem 2.3.8
and an appeal to Lemma 1.2.1(ii).

The periodic variants of the results in Section 2.3 are discussed in
Section 3.2.

3.2. Condition (C1)

The entire Section 2.3 applies with little modification to the periodic
situation. The modifications which are necessary will be described and the
principal theorem, corresponding to Theorem 2.3.6, will be stated as
Theorem 3.2.1. The latter part of this section is devoted to proofs of
Theorems 3.1.1 and 3.1.3.

A large number of the changes which must be made in order to pass from
the non-periodic to the periodic situation are simply the replacement of A by
A. By this change we obtain conditions (C3), (C4), (C5) and (C6)
corresponding to conditions (C3), (C4), (C5) and (C6) of Section 2.1. If
(C3) is satisfied then b is either zero or an odd integer.

The one non-trivial change which has to be made is the replacement of the
kernels G, of 2.3.2 by the sequence of de la Vallee Poussin kernels

W (s, 1) = (2 cos 3(s — 1))*".

L
&)

These kernels have properties analogous to those of the kernels G, , and in
particular

Cl s-'~96217+ i

w, ( ) >0
Tiven Tog 1

whenever 1 ogn and &€ A~20H (the result is due to Polya and
Schoenberg [19], see also [6, Chap. 9, Section 3]). If .# is a periodic system
(with continuous kernel K) which satisfies (C1), (2) and (C3) then for each
integer ¢ it can be approximated by a system W, x # satisfying a condition
which we can describe as (Strict C1(a + 26 + 1)). In this way we can obtain
a periodic substitute for Theorem 2.3.3.
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The number S (f) of cyclic sign changes of a 2z-periodic function f is
defined by

S:(f)=sup{2n:f(r,) f(t;,,) < Ofori=1,.., 2n and some t € A,,,}.

The basic theorem of variation diminishing type is the

3.2.1. THEOREM. Let ¥ be a periodic system satisfying conditions (C1),
(C2) and (C3). Suppose that 20 + 1 > b and

20
=k, +Kxf+ Y KK(, 1),

j=1

where © € A,,, ky, € M, f is 2n-periodic and integrable over (0, 2n), fh, > O
SEN; and

20
'Zl k,8(z;)=0  forall gEN,.
j:
(l) If f71(0) is a Lebesgue null set and u is zero at the pomts of

{EA then n < 2p_a——b+20 IfutszeroatthepomtsoffEA then,
for either e=1o0ore=—1, euh!/

(i) S;w)<2p=a—b+ 2.

Only trivial modifications to the statement of Lemma 2.3.4 and to the
proofs of Lemma 2.3.4 and Theorem 2.3.6 are necessary. To obtain the
periodic variants of Lemma 2.3.7 and Theorem 2.3.8 it is only necessary to
make notational changes in the statements and proofs: substitute appropriate
conditions, replace 4 by A, p and ¢ by 2p and 2g, etc.

The rest of this section is devoted to the proofs of Theorems 3.1.1 and
3.1.3. The proof of Theorem 3.1.1 requires a sequence of lemmas. It will be
supposed that & = (D; p,,..., Py 3 D1y Po) is 2 periodic system in which
DeC, a=2m+ 1and sp{p, .., p,} =%, The conditions required for each
lemma will be stated explicitly.

3.2.2. LEMMA. Let } u,e'™ be the complex Fourier series of the real
Sfunction D. If & satisfies conditions (C1) and (C2) then |u,| > |1, , | for all
n>m+ 1. Consequently u,# 0 for n>m+ 1 and

Dx(F .NE)=FNE,
fornzm+ 1.

The proof of the first assertion is a straightforward extension of the proof
of [6, Chap. 5, Lemma 7.2]. It depends only upon Theorem 3.2.1 which is a
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consequence of (C1), (€2) (and (C3), which is also satisfied). If u, = 0 for
some n > m + 1 then it follows that D is a trigonometric polynomial, which
contradicts (C2). Thus 4, +# 0 for n > m + 1 and the final assertion follows
easily.

3.2.3. LEMMA. Suppose that & satisfies (C1) and (C2). If n>m and
gE¥#, then S7(D—qg)<2n+ 2.

The corresponding statement in the case a =0 is 18, Theorem 2.4]|. The
proof is an extension of that in [18]. Consider g € #,. Then, by Lemma
3.2.2. q=gq, + D * q, for some g, €7, and q, € F :N#,. Define f, € [*
by

L) =r 0 < iy,
=0, 1/r<t< 2

Then f, can be written as f, = f,, + f,, withf,, €#,,, f., € # ,.. Then

Dxf,—q=Dx*f,—q)+D*(/,,—q,)
and
Dxf,—q €7,. So—a=/—(u+q)

Now f,, + q, € #, and S (f,, + q,) < 2n. Therefore, for all sufficiently large
v, S.(f;, —q,) €2n+ 2 (one requires r > | f,, + q,||)- It then follows from
Theorem 3.2.1(ii) that S_(D* f,—qg)<2n+ 2. The conclusion of the
lemma follows by going to the limit as r — oo.

If the function D satisfies (C0) then the conclusion of Lemma 3.2.3 can be
strengthened.

3.2.4. LEMMA. Suppose that D satisfies (CO) and that 7 satisfies (C1)
and (C2). If n>m+ 1, p, €%, _, and D — p, is zero at the points of TE€ A,
then k< 2n. If k =2n then +(D — py)h > 0.

Proof. 1t follows from condition (€0) that if (D — p,)(s) = 0 then D — p,
takes non-zero values in each of the intervals (s —Jd.s) and (s,s5 + ¢) for
each 6 > 0.

Suppose that (D — p,)k,. > 0, where t' € A~zp. By Lemma 3.2.3 there are
such p and ' and 2p < 2n. If 2p = 2n then ' must account for all the zeros
of D—p,, for otherwise S (D—p,—¢)>2n for some small ¢ of
appropriate sign, and this contradicts Lemma 3.2.3. Thus if 2p =2n then
k < 2n. If 2p < 2n — 2 then there exists p € €, _, which is zero at the points
of ¢/ and at no points other than translates of these by multiples of 27.
Suppose |1}, 7] + 2m) contains r zeros of D — p, distinct from r}...,1;,.
Then for small ¢ of appropriate sign S_ (D — p, + ¢p) > 2p + 2r. Therefore
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204+r<20+ 2r<2n Thus k < 2p +r< 2n and if k= 2n then r=0 and 7’
can be replaced by 7. The proof of the lemma is complete.

3.2.5. Lemma. If D € C then for some s and some p, € €, _,

j j
J2\=D g
p0<s+nn> (s+n7z)
forj=0,1,.,2n— 1.
Proof. Let

M=

1 2n—1
(p(O),p (7n),...,p( nn 7:)) :pE?,,_lg c R
Then M is a hyperplane in R>" and
M= {( o &) ER™ @ & + o + 03,85, = 0}

for some .., d;,. Now (l,.,1)€M and therefore a, +--- +a,,=0.
Define a mapping ¢: R — R?" by

o(s) = (D(s),D (s + —’11—71),...,0 (s + Znn— ! n))

It will be shown that {¢(s): s € R} is not contained in either of the open half-
spaces determined by M. For suppose on the contrary that

2n—1

1
a,D(s)+a,D <s+—n—7z)+---+a2,,D(s+ n)>0
for all s € R. Then, by taking

I 2n—1
s=0,—m,.., i
n

in turn and summing, we obtain the inequality

(@ + - + az) (D(0)+D)(%n)+--.+u (2”;1 7)) >o

which contradicts the fact that a, + --- + a,,=0. That D is continuous
implies that ¢ is continuous. Therefore, for some s, ¢(s) € M. That is, for
some s and some p € &, _,

640/34/1-7
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J J .
D Lal=p( f =0,..,2n— 1.
(s+n7r) p(”n) or j=0,..,2n

The conclusion of the lemma now follows with py(¢) = p(¢ — 5).

Theorem 3.1.1 now follows from Lemmas 3.2.5 and 3.2.4.

We now proceed to the proof of Theorem 3.1.3. The first steps consist of
computations for the system ', = (D,; 1; 1).

3.2.6. ProposITION. (1) Let 7,<7,<++<1,<7,,,=7,+2n and
T, KUy <uy< o <U, <ty +2n Then

yl(lz “u---,“o)zs—l fr,€u <1, <1, LU, <1+ 2m,

1L 7y, T, 10 otherwise.

(ll) Let T1<T2<"'<T20+1<T20>2=T1+2ﬂ and r1<u1<
Uy <o <y <7y 421 If o, 0, )00 U} =@ and [1,1,,,)0
{U| s Uy, | IS ORE poINt fOr k + j then

Lty Uy, 1 5
i (Q'r l T i ):(—I)HI—Z;‘ du.
s bseees P20 41 ot

i

(The reason for the form of the right-hand side will be found in the proof of
Theorem 3.2.7.)
Ifjikand ([T J+1)U[Tkvrk+l))m{ul9 9u20} @ then

©, ( 15 syes tty, ):0.
D5 Tysen Tag4

Proof. (i) [r,, 1, +2n)=U}_, [1,, ,, ) Either each subinterval contains
one of the points u;..., 4, or there is a j such that [z;,7;, ;)M {u;,.., 8t} = B.
In the latter case

D\(u,— 1) = Dy(u; — 1, )=—(1/2m)(z;, , — i=l,.,0,
and in the (g + 1) X (o + 1) determinant
o upesu,
72 ( )
I; 70000,
Col(j+ 2)— Col(j + 1) is a multiple of Col 1 and the determinant is zero

(we interpret Colo+2=Coll). If 1, Cu; <1, <1,Lu, <7, +2n
then

Dl(“i“rj)_Dl(ui*T,H):“ (r,.,—1) for i+ J.

2
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The conclusion is this case follows after performing in succession the column
operations Col(j + 1)+ (1/2n)(z;,, — 7)) Col | for j=2,3,..,0 — | and 0.

(ii) Suppose that [7;,7;,,) N {u, ..., 4, } = @. Then

T, —T;
Dl(ul_rj+1)_Dl(u1_Tj):%—j

for i=1,.., 20. If k# j and also [ty, 14, 1) M {U s U5, } = @ then it is easily
seen that

2 ( I sty ):0.
DiTysnTognt

Now suppose that [7, 7, ,) M {t,y., Uy} is One point for k = j. Then, by
the column operations Col(j + 1) — Col j, we have

2, ( Loug s uy, )
D5 Ty Tagy

ST — T, L gy Uy, e
1yl ( e ) e Lo
2n LTy T s Tag i
)L, -1, Lu,,.., .
" hg ( 1o U2g ) if j=20+1
2n | SN SU
T =T
= (=1t for j=1,.,20+ 1,
(=1 7 J

where the final equation is by (i) and the fact that

2, ( 13 Uy tiyy, )Z_Ql ( Ly uyp ttyy, uy + Zn).
1; Ty seees r20+l 1’ Tyseeny Tio+1
This completes the proof of (ii).

3.2.7. TueoreMm. Iff %7 =(K;1;1) let D# denote the system
(K*xD:1;1). Then if 1, < 1, < -+ < Typp < Tagp2 =T, + 27,

I; él aeeey 620+l ) — L T2 . 'Tz‘”ll}y»( 1; él ooy 520+1

(D/?’)( 27 ‘ )dl«’x"'d’«’zoﬂ-

| SN SO M L0 s Uag iy

Progf. The determinant on the left can be expanded by its first row, and
each term in the expansion by its first column. The basic composition
formula (2.3.1) can then be applied to each term. The penultimate step
depends upon Proposition 3.2.6(ii).



86 A. L. BROWN

Let A= {(u,., uy,): T, S Uy <y <+ < Uy, <7+ 21} and

A= Uy s Up): Ty S Uy <y < oov < Uy, < T 427,
card [Ty, Top 1) Mty oy Uy} = 1 fOr k # ji.

Then
(LE 2041 0
(D/az)y)<l.él 620+l)= V‘ ( 1)1+/ I(K*D)(é Cl éZa-ﬁ—l)
5 Tpoees Tao+1 l.j=| Tpsee ’Tj”"" Tag+1
_ 2(7Y+11 (_1),'+J_1 ‘ o ‘K (fl""’ El’""’ 620+1 )
1,‘j_:l S A - Upgeens Uy,

yoory U
XD,( Hiren b )dul---du

Tyavens Tjaeeen Tagi )

: : Y Y S ) 13Uy aes Uy
:_‘I/y (Q 4 < +|)§/1( U Uro )dul"‘duzg
Doy

Ly, u D5 Ty Tag iy

20+1 f+1
3 . - —l It Tt 5 9eeey G
= — }— I.l ( ) (‘ du)/”/(g Cl £~0+l)dul"'dula
S s, 2n e, Frugg, uy,
204;1 T Tigr _l J+1
— 3 z“. ( ) 1/( Qvéla sézo+l )dv|_._dea+l.
j‘:l Ty T Tio 4l 27[ l’v [ ’L L"a+l )

The order of integration and summation can now be interchanged, and the
conclusion of the theorem follows.

Proof of Theorem 3.1.3. First consider the case r = 1. Suppose that £ =

(Eses Ergrr) AN T= (T, 0y Topy,) @re in A, ;. If 1, <&, &y < T, + 27
then, by Proposition 3.2.6(i)

—J (1 C]n ’é7a+l)>0
L Tyseens T’a+ L ~
The general case follows by periodicity and cyclic permutation.

Now D,,,=D, = D, so the theorem follows by induction using Theorem
3.2.7.

3.3. The Completion of the Proof of Theorem 3.1.4

In this section inequalities (4) and (7) of Section 3.1 will be proved.
Throughout this section it will be assumed that the conditions of
Theorem 3.1.4 are satisfied. The integer n > m will be fixed and * € 4,,
(r),,— 1) =mn/nfor j=1,..,2n — 1) will be as in Theorem 3.1.1.
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IfpEF, thenpx&,<&, MNE,and
dim(p* £ ) <(2n—1)—(2m—1).

Consequently the convolution operator 7, does not satisfy the defining
conditions of

@z 1T B € ) =inf{| Ty~ T'|): T' € (L%, ),
dim T"(F5) < 2n— 1, £, < T'(F L)),
However inequality (4) of Section 3.1,
peig_f 1Tp = Tl > @2y (T2 &, € ),

follows from the following simple lemma which we state, without proof, in
the notation of Section 1.2.

3.3.1. LeMMA. Let T' € L(E,F), M, F, N, SE and suppose that
dim(T"(N;) "M,) = a and dim T'(N;) < co. Then given € > 0 there exists
T.€ L(E, F) such that | T' — T,|| < &, M, < T(Ny) and

dim T,(N;) < dim T"(N;) + (@ — a).

It now remains only to prove the

3.3.2. THEOREM. [f the conditions of Theorem 3.1.4 are satisfied then
kZI’l(TD; g_m’ g"L") > “D * Zr"”m'

If D * A, = 0 there is nothing to prove, so we suppose D * E,o # 0.
The proof involves a sequence of lemmas. For each s€ R define
P,;: C- R™ by

2n—1
Pf= (f(s),f(s +%),...,f(s + p n) )
The space R*" will be given the max norm.

3.3.3. Lemma. If L is a subspace of C and dim L = 2n then, for some
SER, P(L)# R

Proof. Let f,,..., /5, be a basis of L and define

Als) = det (fi (S +j71 : ﬂ) )lgi,/<2n.
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Then 4 is continuous, A(s + n/n) = —A(s) and therefore A(s) =0 for some
s € R. The conclusion of the lemma now follows.

3.3.4. LEMMA. Let F be the linear space of functions f € L* N & L sgch
that f is a step function with points of discontinuity contained in those of h_..
Then dim F =2n— (2m + 1).

Proof. Let x, be the 2n-periodic function defined by
=1 for t€[7),1"+a/n)
=0 for t(€|[1),7) +n/n), k+#j.

Then F=# , M SP{X,.s X2n)- A direct calculation shows that the matrix

(Kjs Pi))i<icai<j<2n (recall that € =sp{p,,.., p,}) is of rank @ = 2m + 1.
The conclusion of the lemma follows.

3.3.5. LEMMA. Let s be a point such that |(D * ho)(s)| = | D * A||.. If
fE€Fand ke #,, then

1Ps(k + D % Moo > 1D * Arollo 1/ e

Progf. Note that (D * h_o)(s + j/n)= +(—1) | D * h_o||.. Suppose that
there exists f € F with ||f]|. =1 and k € #_, such that

IPy(k + D % flloo < 11D %A ol -

Then, by considering the values of the functions D x ﬁ,o t(k+D=xf) at
s+ (j/n)n (j=0,.., 2n— 1), we find that

S;(Dxhot(k+Dxf))>2n

for either choice of sign. Now f € F and || f||,. = 1 so f must take one of the
values +1 on one of the intervals of constancy (7, 1) + ni/n) (j = l,..., 2n).
So we choose £ = +1 so that &0 + &f is zero on one of these intervals. It now
follows from Theorem 3.2.1(ii) that

Sok+Dx*(ho+ef)<2n—2.

This is a contradiction and the lemma is proved.

3.3.6. LEMMA. Let W=E€, + D% (8 ,N(L®),) and let s be as in
Lemma 3.3.5. Then

PS(W) = HD * TerHm : (Pzn)l'
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Progf. Consider the composite linear mapping

k. f)—sk+D ~ P
g-me (k.JS) +tL' S%[Rz".

The composite is injective by Lemma 3.3.5 and the Chebyshev (Haar)
property of £,. By Lemma 3.3.4, dim #,, X F = 2n and so the composite
mapping is an isomorphism,

If zER™ and |z||,<|D*hul, then z=P(k+Dxf) for some
(k, f)€ Z,, X F and, by Lemma 3.3.5,

1D % Frolloo 2 N1 2lloe 2 1D Arolleg 1S Tloc-
Therefore || fll,<1land k+ D f€ W.

Completion of the Proof of Theorem 3.3.2

If T,: C— C is the translation operator defined by (7,/)(s)= /(s —A4)
then T, is an isometric isomorphism and T,(W) = W.
Suppose that L is a subspace of C and dim L = 2na. It must be shown that

S(W,L) > ||D * Aol -

Now §(W,L)=6(W,T,L). So, by Lemma 3.3.3, we can replace L by
T,(L), for a suitable choice of 1, and we may suppose that P (L) # R*".
Now, using Lemma 3.3.6,

(W, L) > (P (W), P(L))
> 6(| D * kool (R™),, (L))
=D * hll - 5((R*"),, P(L))
=||D * .

The proof is complete.
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